We have numerically investigated the effect of parameter mismatch and noise on the loss of chaos synchronization in unidirectionally coupled one-dimensional maps. Through a first transverse bifurcation of an unstable periodic orbit embedded in the synchronous chaotic attractor (SCA), this attractor becomes weakly stable. In the regime of weak synchronization, any small parameter mismatch and noise transform the SCA into a bubbling attractor or a chaotic transient. In this case, the quantities of interest are the average interburst interval of the bubbling attractor and the average lifetime of the chaotic transient. They are found to scale with the mismatching parameter and the noise intensity. Furthermore, the scaling results for the cases of parameter mismatch and noise are quantitatively the same. We also give the theoretical background for the scaling by comparing our numerical results with theoretical results. For the bubbling case, the maximum bursting amplitude is another quantity of interest. We discuss the abrupt increase in the maximum bursting amplitude that results from the sudden increase in the size of the absorbing area, confining the bursting, through an interior crisis. This is in contrast with the case of symmetric coupling, in which no such crisis occurs for the absorbing area.
§1. Introduction
Many dynamical systems of interest have an invariant subspace embedded in the whole phase space. For example, this situation occurs naturally in the synchronization of chaotic oscillators. 1) -4) Particularly, this chaotic synchronization has attracted much attention, because of its potential practical application to secure communication. 5) If a synchronous chaotic attractor (SCA) on the invariant subspace is stable with respect to perturbations transverse to the invariant subspace, then it may become an attractor in the whole phase space. Such a transverse stability of the SCA is intimately associated with transverse bifurcations of unstable periodic orbits embedded in the SCA. 6) -12) If all such unstable periodic orbits are transversely stable, the SCA becomes asymptotically stable, and hence we have "strong" synchronization. However, as the coupling parameter passes through a threshold value, a periodic saddle first becomes transversely unstable through a local bifurcation. After this first transverse bifurcation, trajectories may be locally repelled from the invariant subspace when they visit the neighborhoods of the transversely unstable periodic orbit points and their preimages. Thus, loss of strong synchronization begins with such a first transverse bifurcation, and as a result we have "weak" synchronization. Therefore, a typical trajectory on the weakly stable SCA may have segments exhibiting positive local Lyapunov exponents, even if the average transverse Lyapunov exponent is negative. For this case, intermittent bursting or basin riddling may occur, depending on the existence of an absorbing area, controlling the global dynamics, inside the basin of attraction. 10) - 13) In the presence of an absorbing area, acting as a bounded trapping vessel, locally repelled trajectories from the invariant subspace are restricted to move within the absorbing area, and exhibit transient intermittent bursting from the invariant subspace. 14), 15) By constrast, in the absence of such an absorbing area, locally repelled trajectories will go to another attractor (or infinity), and hence the basin of attraction becomes riddled with a dense set of repelling "holes", belonging to the basin of another attractor (or infinity). 16) However, in a real situation, a small mismatch between the subsystems that destroys the invariant subspace and noise are unavoidable. To understand such a situation, we numerically investigated the effect of parameter mismatch and noise on the bursting and basin riddling in two unidirectionally coupled one-dimensional (1D) maps with an invariant diagonal. For the case of bursting, any small parameter mismatching and noise results in a continual sequence of intermittent bursts, called attractor bubbling, where the long period of nearly synchronous states (laminar phase) is randomly interrupted by short-time bursts (burst phase). For the case of riddling, the SCA on the diagonal is transformed into a chaotic transient. In both cases, the quantity of interest is the average time τ that a trajectory spends near the diagonal (i.e., the average interburst interval and the average lifetime of the chaotic transient). 15) We investigate how τ scales with the mismatch parameter ε and the noise intensity δ in §2. Near the first transverse bifurcation point, τ increases faster than any power of ε −1 or δ −1 as ε or δ goes to zero. However, after passing a crossover region, τ exhibits a power-law scaling. As c approaches the blow-out bifurcation point, where the transverse Lyapunov exponent becomes zero, the scaling exponents decrease because τ becomes shorter. After the blow-out bifurcation, the weakly stable SCA becomes transversely unstable. 17) Note that in both cases of parameter mismatch and noise, the scaling exponents are the same. Thus the scaling results for the cases of parameter mismatch and noise on τ become quantitatively the same. We also give the theoretical background for the superpower-law and power-law scalings by comparing our numerical results with theoretical results. In §3, we investigate the change in the maximum bursting amplitude for the attractor bubbling by varying the coupling parameter. At first, the maximum bursting amplitude begins to increase smoothly. However, when passing a threshold value, it increases abruptly, due to the sudden increase in the size of the absorbing area, confining the bursting, through an interior crisis. This is in contrast to the symmetric-coupling case, in which no such crisis of the absorbing area occurs. Finally, we give a summary in §4. §2. Average interburst interval and average lifetime of the chaotic transient
We investigate the effect of parameter mismatch and noise on weak synchronization in unidirectionally coupled 1D maps 11) defined by T :
where x n and y n are state variables of the subsystems at the discrete time n. The local dynamics in each subsystem with the control parameter p (p = a, b) is governed by the 1D map f (x, p) = 1 − p x 2 , c is the coupling parameter between the two subsystems, and g(x, y) is a coupling function of the form
Note that the first master 1D map can be regarded as a driving for the second slave or response 1D map. For the case of identical 1D maps (i.e., a = b), there exists an invariant synchronization line, y = x, in the x − y phase space. However, in the presence of a mismatching between the two 1D maps, the diagonal is no longer invariant. To take into consideration such a mismatching effect, we introduce a small mismatching parameter ε in the coupled 1D maps of Eq.
(1) such that
Furthermore, noise is unavoidable in a real situation. Hence, an additive random noise is considered in Eq. (1). For this case, ξ
n and ξ (2) n are independent random numbers chosen from a uniform distribution with zero mean ( ξ n = 0) and unit variance ( ξ 2 n = 1), and δ controls the "strength" of such a random noise. For the noiseless case with δ = 0, the unidirectionally coupled map T is noninvertible, because its Jacobian determinant det(DT ) (where DT is the Jacobian matrix of T ) becomes zero along the critical curves,
. Segments of these critical curves can be used to define a bounded trapping region in the phase plane, called an 'absorbing area A,' with the properties that (i) trajectories that enter A cannot leave it again, and (ii) there exists a neighborhood U ⊃ A whose points enter A in a finite number of iterations. 13) Furthermore, boundaries of an absorbing area can also be obtained by the union of segments of critical curves and portions of unstable manifolds of unstable periodic orbits. For this case, A is called a 'mixed absorbing area'. Note that the fate of locally repelled trajectories from the diagonal depends on the existence of such an absorbing area A. In presence of A, they are confined to move within A, while in absence of A, they go to another attractor. In this way, the absorbing area A controls the global dynamics.
As an example, we consider the SCA that exists in the interval c b,l ( −2.963) < c < c b,r ( −0.677) for a = 1.82 when ε = δ = 0. As the coupling parameter c passes through c b,l or c b,r , the SCA becomes transversely unstable through a blowout bifurcation, and then a complete desynchronization occurs. In the regime of synchronization, a strongly stable SCA exists for c t,l (= −2.789 372) < c < c t,r (= −0.850 625), because all periodic saddles embedded in the SCA are transversely stable. However, when the coupling parameter c passes through c t,r and c t,l , bubbling In both the bubbling and riddling cases, the quantity of interest is the average time τ that a typical trajectory spends near the diagonal (i.e., the average interburst interval of the bubbling attractor and the average lifetime of the chaotic transient). Therefore, we investigate how τ scales with the mismatching parameter ε and the noise strength δ.
We first consider the case of attractor bubbling. As c passes through c t,r , a bubbling transition occurs through the first transverse supercritical period-doubling bifurcation of the saddle fixed point embedded in the SCA. 11) For this case, the bursting from the diagonal can be represented by the transverse variable
denoting the deviation from synchronization. Then, the bubbling attractor is in the laminar phase when the magnitude of the deviation from the diagonal is less than a threshold value u * b (i.e., |u n | < u * b ). Otherwise, it is in the bursting phase. Here u * b is very small compared to the maximum bursting amplitude u * max (i.e., u * b << u * max ). For a given c, we decrease the mismatching parameter ε or the noise strength δ and compute the average laminar length τ b (i.e., the average interburst interval). For each value of ε or δ, we choose the threshold value as u * b = 0.001, and follow the trajectory starting from the initial point (0,0) until 50,000 laminar phases are obtained. In this way, we obtain τ b that scales with ε or δ as follows. It is shown theoretically in Refs. 7) and 18) that just past c t,r , τ b scales with ε or δ or 
Note that the scaling exponent α depends on the leading term of the evolution equation of the bursting variable u n . Since the leading nonlinear term for the case of the period-doubling bifurcation is cubic, the scaling exponents α p and α n become 2/3, and the scaling constants η p and η n are positive constants to be fitted. Figures 2(a) and (b) display the plots of log 10 τ b versus ε −2/3 and δ −2/3 for c = −0.82, respectively. Note that these plots are fit well by lines, which implies that Eq. (5) is obeyed to good accuracy. As ε or δ decreases, the average interburst interval τ b increases faster than any power of ε −1 or δ −1 . In this way, we see that near c = c t,r , τ b exhibits a "superpower-law" scaling, and hence it becomes extremely long. However, as c is increased further, a transition from superpower-law to power-law scaling occurs when passing the crossover region −0.79 c −0.78. Thus, for c −0.78, the average interburst interval τ b scales with ε or δ as where µ p and µ n are the scaling exponents for the cases of parameter mismatch and noise, respectively. Figures 3(a) and (b) display the plots of log 10 τ b versus log 10 ε and log 10 δ for c = −0.74, respectively. These plots are fit well by lines, and hence we find that Eq. (6) obeyed with good accuracy. For this case the slopes of the fitted lines give the values of the exponents µ p and µ n . Note that the values of µ p ( 1.32) and µ n ( 1.32) become the same within numerical accuracy. In this way, by varying the coupling parameter from c = −0.77 to c = −0.68, we obtain the scaling exponents µ p and µ n . They are plotted in Fig. 3(c) . Note that the values of µ p (denoted by the circles) agree well with those of µ n . Thus, the scaling results for the cases of parameter mismatch and noise become the same (within numerical accuracy). As c increases toward the blow-out bifurcation point c b,r , the value of the exponent µ becomes smaller, and hence the average interburst interval becomes shorter.
We next consider the case of chaotic transients. As c passes through c t,l , a riddling transition occurs through a transcritical contact bifurcation of the saddle fixed point embedded in the SCA. 11) After that, the SCA with a riddled basin is transformed into a chaotic transient with a finite lifetime, because there exists no absorbing area confining the local bursting. For a given value of c, we decrease the mismatching parameter ε or the noise strength δ and compute the average lifetime τ c as follows. For each value of ε or δ, we consider an ensemble of trajectories starting from 1000 initial points chosen randomly with uniform probability in the range of x ∈ (1 − a, 1) on the diagonal y = x. A trajectory may be regarded as having escaped once the magnitude of its y value becomes larger than 10, because an orbit with |y| > 10 lies sufficiently outside the basin of the SCA. Thus we obtain a τ c that scales with ε or δ as follows. Just past c t,l , τ c exhibits a superpower-law scaling with respect to the variation of ε or δ,
as shown in Figs. 4(a) and (b) for c = −2.795. Note that, in the case of a transcritical bifurcation, the leading nonlinear term for the evolution equation of u n becomes quadratic, in contrast to the bubbling case, in which there is a leading cubic term. Hence, for both the cases of parameter and noise, the scaling exponents β p and β n become 1/2, 7), 18), 11) in contrast to the bubbling case, with the scaling exponents α p = α n = 2/3, and the scaling constants ζ p and ζ n are positive constants to be fitted. Consequently, near c = c t,l , τ c increases faster than any power of ε −1 or δ −1 as ε or δ decreases to zero, and hence the chaotic transient becomes extremely long-lived. However, as c is decreased further, a transition from the superpower-law to a power-law scaling occurs when passing the crossover region −2.84 c −2.81. Thus, for c −2.84, the average lifetime τ c scales with ε or δ as
where ν p and ν n are the scaling exponents for the cases of parameter mismatch and noise, respectively. When plotting log 10 τ c versus log 10 ε or log 10 δ, the slope gives the scaling exponent ν p or ν n . Figure 4 (c) displays the plots of ν p (denoted by circles) and ν n (denoted by crosses) versus c for −2.95 ≤ c ≤ −2.85. Note that the values of ν p agree well with those of ν n . As in the case of attractor bubbling, the scaling results for the cases of parameter mismatch and noise become the same (within numerical accuracy). As c increases toward the blow-out bifurcation point c b,l , the value of the exponent ν becomes smaller, and hence the average lifetime becomes shorter. Finally, we explain the theoretical background of the power-law behavior by comparing our numerical result with a theoretical result. Consider a parallel line with a distance d from the diagonal as characterizing the measure of the basin riddling in absence of parameter mismatch and noise. For a given c, we choose 2,000 randomly chosen initial conditions on the y = x + d line, and determine in which basin they lie. Then, the "divergence probability" P (d) is estimated as the fraction of the points that are attracted to infinity. It was numerically found that P (d) scales with d as 11) P where γ is referred to as the 'divergence exponent'. Figure 5 (a) displays plot of γ (denoted by pluses) versus c. As c decreases toward the blow-out bifurcation point c b,l , the value of γ becomes smaller, and hence the measure of the basin riddling increases. However, in presence of any small parameter mismatch or noise, the SCA on the diagonal is transformed into a chaotic transient with a finite lifetime τ c , as shown in Figs. 1(c) and (d). As explained above, τ c is obtained by averaging the estimated lifetime of the chaotic transients, starting from randomly chosen initial conditions on the diagonal. One can easily imagine that τ c is in reciprocal proportion to the divergence probablity P (d) and that the distance d from the diagonal is in proportion to or δ. With such relations, the exponent ν (denoted by the open circles) for the average lifetime of the chaotic transient becomes nearly the same as the divergence exponent (denoted by pluses) γ, as shown in Fig. 5(a) . In Ref. 19 ), Ott et al. introduced a random walk model for the evolution of the bursting variable u n and, using the diffusion approximation, they found that the divergence exponent γ is given by
Here σ T is the (average) transverse Lyapunov exponent, and D is a quantity characterizing the decrease with increasing time of the dispersion of local (M -time) transverse Lyapunov ex-
, where · · · denotes the average over an ensemble of initial conditions. Such a dispersion approaches zero in a form inversely proportional to M as follows:
Here the value of D ( 0.054) is the same for all values of c for a = 1.82 in the regime of weak synchronization. 20) Furthermore, Eq. (10) is valid only near the blow-out bifurcation point (i.e., in the region where the value of σ T becomes very small). 19) The solid line in Fig. 5 has slope given by Eq. (10), with numerically obtained σ T and D. Note that the numerical and theoretical results agree well near the blow-out bifurcation point c b,l . However, as c increases toward the riddling transition point, the theoretical result deviates from the numerical result. Furthermore, we conjecture that the scaling exponent µ for the average interburst interval of the bubbling attractor may be given by the same Eq. (10), because both the chaotic transient and attractor bubbling exist, due to the existence of positive local transverse Lyapunov exponents for the weakly stable SCA. We note that the solid line with slope given by Eq. (10) also agrees well with the scaling exponent µ only near the blow-out bifurcation point c b,r . Hence, more rigorous theoretical analysis may be required to explain the numerical data for the scaling exponents µ and ν near the bubbling and riddling transition points. §3. Maximum bursting amplitude for attractor bubbling
In this section we investigate the change in the maximum bursting amplitude for attractor bubbling by increasing the coupling parameter from the bubbling transition point c t,r (= −0.850 625). When passing through c t,r , the saddle fixed point embedded in the SCA first becomes transversely unstable via a transverse supercritical period-doubling bifurcation giving rise to the birth of an asynchronous period-2 saddle. As a result, the SCA becomes weakly stable, because trajectories visiting neighborhoods of the repelling fixed point and its preimages on the diagonal are locally repelled. However, these locally repelled trajectories are confined to move within the mixed absorbing area, whose boundary is formed by the union of segments of the critical curves L k (k = 1, 2) and portions of unstable manifolds of the newly-born asynchronous period-2 saddle. Then, the maximum bursting amplitude d max (= |y − x| max ) from the diagonal is determined by the maximum vertical size, |y − x| max , of such a mixed absorbing area.
As an example, we consider the bubbling attractor for a = 1.82. T :
where b = a − ε and g(x, y) = y 2 − x 2 . The mixed absorbing area whose boundary is formed by portions of unstable manifolds of the asynchronous period-2 saddle and segments of the critical curves L 1 and L 2 persists under the change of c, in contrast to the above studied unidirectionally coupled case. Hence, as c is increased from the bubbling transition point c t,r (= −0.425 313), d max increases smoothly up to the maximum value of |y − x| for the asynchronous period-2 saddle (denoted by the dashed lines), as shown in Figs. 6(c) and (d) .
Finally, we discuss the interior crisis of the mixed absorbing area occurring for the case ε = δ = 0, which causes an abrupt increase in the maximum bursting amplitude. Figure 7 (a) depicts two mixed absorbing areas surrounding the SCA on the diagonal for c = −0.85. The segments of unstable manifolds (whose directions are denoted by arrows) of the asynchronous period-2 saddle (denoted by the crosses) connect to the segments of the critical curves L 1 and L 2 (the dots denote where the segments connect), and defines a mixed absorbing area. Here an asynchronous period-2 saddle is born from the synchronous fixed point (denoted by the star) via a transverse supercritical period-doubling bifurcation and moves away from the diagonal. Locally repelled trajectories are then confined to move within this minimal absorbing area, shaded gray. The boundary of the outer mixed absorbing area is formed by the union of segments of unstable manifolds of the asynchronous period-3 saddle (denoted by the open circles) and portions of the critical curves L 1 and L 2 . For this case, the period-3 saddle emerges together with another period-3 repeller (denoted by the solid circles) via a saddle-node bifurcation for c −0.8565. As c is increased further, successive saddle-node bifurcations giving rise to the birth of higher period, q = 5, 7, and 9, saddles and repellers also occur inside the outer mixed absorbing area for c −0.8474, −0.8445, and −0.8437, respectively. For this case, all the repellers move toward the diagonal, while all the saddles move far away from the diagonal. Figure 7(b) shows that between the outermost and innermost absorbing areas, a new absorbing area is bounded by the union of portions of unstable manifolds of the period-5 saddles (denoted by the open squares) and segments of the critical curves L 1 and L 2 . However, as c is increased further, the period-3 repeller (denoted by the solid circles) approaches and penetrates this new absorbing area for c −0.8465. Then, due to this crisis, the intermediate absorbing area becomes broken up, as shown in Fig. 7(c) for c = −0.845. Unlike this period-5 case, unstable manifolds of the period-7 (denoted by the open triangles) and period-9 (denoted by the open diamonds) saddles cannot bound any mixed absorbing areas, because there already exist period-5 (denoted by the solid squares) and period-7 (denoted by the solid triangles) repellers below the unstable manifolds of the period-7 and period-9 saddles, respectively, as shown in Fig. 7(d) for c = −0.84375. Eventually, the period-9 repeller (denoted by the solid diamond) penetrates into the minial absorbing area and breaks it up for c = −0.8437. Then, the outmost absorbing area becomes a new minimal absorbing area, as shown in Fig. 7(e) . Due to this kind of the interior crisis, an abrupt increase in the minimal absorbing area occurs. Consequently, the maximum bursting amplitude also increases suddenly, up to the maximum value of |y − x| for the period-3 saddle, denoted by the solid lines in Figs. 6(a) and (b) . §4. Summary
We have numerically studied the effect of parameter mismatch and noise on the bubbling and basin riddling. No matter how small the parameter mismatch or noise, the weakly stable SCA is transformed into a bubbling attractor or a chaotic transient, depending on the existence of an absorbing area controlling the global dynamics. We first investigated how the average interburst interval of the bubbling attractor and the average lifetime of the chaotic transient scale with mismatch parameter ε and the noise intensity δ. Just past the first transverse bifurcation point, such an average time τ exhibits a "superpower-law" scaling that increases faster than any powerlaw as ε and δ tend to zero. However, after passing a crossover region, τ exhibits a power-law scaling. Moreover, the scaling exponents for the cases of parameter mismatch and noise are the same. We have also given the theoretical background for the scaling by comparing our numerical results with theoretical results. We next investigated the maximum bursting amplitude for the case of attractor bubbling. When passing a threshold value, the maximum bursting amplitude has been found to increase abruptly via the interior crisis of an absorbing area, in contrast to the symmetric-coupling case, in which such an interior crisis of the absorbing area does not occur.
